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Grobner bases

Polynomials G = (g1, ..., g¢) in K[z, ..., z,], monomial order >~
G is a Grobner basis of ((G), =) if
(Im- (g1), - - -, Imy(ge)) = (Im- ({(G)))
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Grobner bases

Polynomials G = (g1, ..., g¢) in K[z, ..., z,], monomial order >~
G is a Grobner basis of ((G), =) if
(Im- (g1), - - -, Imy(ge)) = (Im- ({(G)))

Examples:

1 Lexicographic ordering

2 Graded reverse lexicographic ordering (grevlex)

Lexicographic Grobner basis

I={—2zy—2z—2y> — y+3,2° + 3z — 29> — 3y)
!
Giex ={z—v* =" —y, v  + 2% + 30> — 2y + 2}

Applications: Decide whether I = J, decide whether f € I, compute I N J
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(f1,---,fn) generic polynomials in K[z, . .., z,] with deg(f;) = 4:

Il
=)

f1($1,..,,$n)

Il
o

fa(mi, .o 20)
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(f1,---,fn) generic polynomials in K[z, . .., z,] with deg(f;) = 4:

f1($1, .

fn(x1, e

h(zn = 0
) = 0 (zn)
lexicographic = gi(zn)
—_—2 s
Grobner basis
,Zn) = 0
Tn—1 = gnfl(zn)

3/14



(f1,---,fn) generic polynomials in K[z, . ..

f1($1,..,,$n) = 0
lexicographic

Grobner basis
falzi,..oyzm) = 0

h(zn)

T1

Tn—1

pOlynomial [F4, F5] grevlex Grobner change of ordering
— —_

system [Buchberger] basis

[FGLM 1993]

, T,) with deg(f;) = o:

0
g1(2n)

gn—1 (xn)

lex Grobner

basis
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(fi,---,fn) generic polynomials in K[z1, . .., z,] with deg(f;) = d:

hzn) = 0
f1($1,...,.’£n) = 0
lexicographic = gi(zn)
Ty
Grobner basis
falzi,..oyzm) = 0
Tn—1 = gn—l(xn)

lex Grobner
basis

polynomial [F4, F5] grevlex Grobner change of ordering
— —_—y
system [Buchberger] basis [FGLM 1993]
State of the art: (¢ < deg(1))
o [FGLM 1993]0(n deg(I)®)
e [Faugére, Mou 2017] O(tdeg(I)?)
o [Neiger, Schost 2020] O(n deg(1)*)
o [Berthomieu, Neiger, Safey El Din 2022] O(+*~ ' deg(I))

2 < w < 3: exponent of matrix multiplication
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(fi,---,fn) generic polynomials in K[z1, . .., z,] with deg(f;) = d:

hzn) = 0
fl(xl,.‘.,xn) = 0
lexicographic = gi(zn)
P
Grobner basis
falzi,..oyzm) = 0
Tn—1 = gn—l(zn)
polynomial /" [k, k5] \grevlex Grobner  change of ordering  lex Grobner
— ———
system [Buchberger] basis [FGLM 1993] basis
State of the art: State of the art: (¢ < deg([))
e Naive complexity bound @ (("*DD)“) o [FGLM 1993] O(ndeg(I)?)
e Analysis on F5-POT o [Faugére, Mou 2017] O(tdeg(1)?)
[Bardet, Faugére, Salvy 2015] o [Neiger, Schost 2020] O(n deg(1)*)
o [Berthomieu, Neiger, Safey El Din 2022] O(+*~ ' deg(I))

Goal: refined complexity analysis for F4 tracer

2 < w < 3: exponent of matrix multiplication
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[Buchberger 1965] [Lazard 1983]

[Faugére 1999](F4)
[Faugére 2002](F5)

critical pairs linear algebra
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[Buchberger 1965] [Lazard 1983]

[Faugére 1999](F4)
[Faugére 2002](F5)

critical pairs linear algebra
*S-polynomial [Buchberger 1965]
For polynomials fi, f2,

S(fi, fo) = LCM(Imy (f1), 1m>—(f2))f LCM(Imy (f1), 1m>(f2))f

Imy (f1) Imy (f2)
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[Buchberger 1965] [Lazard 1983]

[Faugére 1999](F4)
[Faugére 2002](F5)

critical pairs linear algebra
*S-polynomial [Buchberger 1965]

For polynomials fi, f»,

_ LCM(Imy (f1),lmy (f2)) LCM(Imy (f1),lmy (f2))
(f,fo) = 1;>1f1 =22 f - h:>1f2 =22

*Macaulay Matrices [Macaulay 1902]

x12 T X2 9322 T1T3 T213 xg Ty w2 a3 1

f=3a:12—71:22—|—...—>(3 0 7 )

4)14



[Buchberger 1965]

[Lazard 1983]

[Faugére 1999](F4)
[Faugére 2002](F5)

critical pairs linear algebra

*S-polynomial [Buchberger 1965]

For polynomials fi, f»,

S(fi, fo) = LCM(Imy (f1), 1m>—(f2))f LCM(Imy (f1), 1m>(f2))f

Imy (f1) Imy (f2)

*Macaulay Matrices [Macaulay 1902]

x12 T X2 9322 T1T3 T213 xg Ty w2 a3 1

2 2
f:3a:1—7$2—|—...—>(3 0 -7 )
future .
Grobner basis S-polynomials
\ 1
\ 1
\ 4
N 4

- -
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In Software [msolve 2021]: F4 is traced [Traverso 1989]

1 F4 over Q = F4 over Z/p;Z for all (pi)scqa,...,,} Prime integers
2 For pa,...,p., re-use information from the computation for p;
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In Software [msolve 2021]: F4 is traced [Traverso 1989]

1 F4 over Q = F4 over Z/p;Z for all (ps)ieq1

.....

+} Prime integers

2 For pa,...,p., re-use information from the computation for p;
Upper triangular
@ B id |A'B
Reductors
S-polynomials { C D 0 M
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In Software [msolve 2021]: F4 is traced [Traverso 1989]

1 F4 over Q = F4 over Z/p;Z for all (ps)ieq1

+} Prime integers

.....

2 For pa,...,p., re-use information from the computation for p;
Upper triangular
Ok
Reductors
S-polynomials { C D

*Echelon form of M

*Reductions to zero
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In Software [msolve 2021]: F4 is traced [Traverso 1989]

1 F4 over Q = F4 over Z/p;Z for all (pi)scqa,...,,} Prime integers
2 For pa,...,p., re-use information from the computation for p;

Upper triangular

@ B Id |A~'B
Reductors

S-polynomials { C D 0 M

*Echelon form of M

No reductions to zero *Reductions to zero

needs to run F4 before
on one modular computation
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In Software [msolve 2021]: F4 is traced [Traverso 1989]

1 F4 over Q = F4 over Z/p;Z for all (pi)scqa,...,,} Prime integers

.....

2 For pa,...,p., re-use information from the computation for p;
Upper triangular N E—
@ B id |A'B
Reductors
=

S-polynomials { C D I 0 M

*Echelon form of M

No reductions to zero *Reductions to zero

needs to run F4 before
on one modular computation

Complexity: O (f(new GB elements) x #(reductors) x f(support))
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Examples

System data

msolve single modular computation

degree Variables

F4(p1) FaTracer (p;, fori, 1) Sparse FGLM

Katsura-11
Katsura-12
Katsura-13
Katsura-14
Katsura-15

10
7
12
13
14

N N N NN

6.26 0.22 0.17
22.09 1.25 1.02
178.68 8.38 13.52
1366 53.42 81.48
9204 324 502

F4 tracer better than FGLM

FGLM polynomial in the degree of the ideal

Practical results do not match with complexities

Why is F4 Tracer this good?
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For generic polynomials (fi, ..., f,) of degree 6 in K[z1, ..., z,]

New complexity of F4 tracer on a top reduction context
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For generic polynomials (fi, ..., f.) of degree § in K[z, ..., z,)

Naive complexity Macaulay bound [Lazard 1983]
o (7)) D=n(-1)+1

New complexity of F4 tracer on a top reduction context

D .
ol <”§d><3d,n>°’"" ) (”‘ﬁi;j”)

d=|D/2|+1 0<j<2(n—1)+1
D—d+j<d
support new GB elements reductors
still naive exact formula new bound
w=3 n=>5 n =10 n =15 n = 20 n =25 n = 30 n =35

F4 Tracer§ = 5 5'2.71n 53.13n 63.28n 63.’10” 53./1/1n 63./’1/% 53.497L
54.13n 54.33n 64.42n 644671 54.4971 54‘52" 54453n

Binomial § = 5
F4 Tracer § = 10 52.51n 52.9271 53'07" 63.14n 53.1871 63.22n 63.26n
Binomial § = 10 53'82" 63'98" 54.05n 64‘08" 54.11n 64.12n 54414n




Hypotheses:

7 Moreno-Socias conjecture on the grevliex monomial staircase
[Moreno-Socias 2003] — Stability (generic hypothesis)

2 Dense polynomials, regularity and semi-regularity on some truncations
of the polynomials

3 Polynomials have the same degree
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Hypotheses:

7 Moreno-Socias conjecture on the grevliex monomial staircase
[Moreno-Socias 2003] — Stability (generic hypothesis)

2 Dense polynomials, regularity and semi-regularity on some truncations
of the polynomials

3 Polynomials have the same degree

Buchberger criterion: [Buchberger 1979] f1, f2, fs polynomials:

[Imo- () | LOM(Im,-(f2), I () | = [ (1.2) and (f1. ) absorb (. ) |
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Grevlex monomial staircase

Let fi, fo, fs € K[z1, 72, 3] and deg(f;) =4 — D =10

Iy
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Grevlex monomial staircase

Let fi, fo, f5 € K[xl,xg,acg] and deg(ﬁ) =4—D=10— D/2 =95

Iy

D
6] Z
d=|D/2]+1

This point corresponds to the monomial z; z5 22
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Closed in the first direction (1) How the B, , are defined?

1

Lemma: For all [D/2| +1 < d < D, the number of new Grobner basis elements of

degree d is generically B, with [%] = 3% Bp_int".
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Closed in the first direction (1) How the B, , are defined?

1

Closed in the (n — 1)-th direction (22) at d = | D/2]

Lemma: For all [D/2| +1 < d < D, the number of new Grobner basis elements of

degree d is generically B, with [%] =30 Bp_puth.
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1
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Closed in the first direction (1) How the B,,, are defined?

1

Bijection compatible with degree

Closed in the (n — 1)-th direction (22) at d = | D/2]

Lemma: For all [D/2| +1 < d < D, the number of new Grobner basis elements of

degree d is generically B, with [%} = 3% Bp_int".
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Closed in the first direction (1) How the B,,, are defined?

1
Bgz =2

Bijection compatible with degree

e

Closed in the (n — 1)-th direction (22) at d = | D/2]

Lemma: For all [D/2| +1 < d < D, the number of new Grobner basis elements of

degree d is generically B, with [%} = 3% Bp_int".
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Closed in the first direction (1) How the B, , are defined?

al

B6,3 =2
B7‘3 = 4

Bijection compatible with degree

Closed in the (n — 1)-th direction (z2) at d = | D/2]

Lemma: For all | D/2]| + 1 < d < D, the number of new Grobner basis elements of

degree d is generically By, with [%} =37 Bp_jath.
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Closed in the first direction (1) How the B, , are defined?

ol

Bgz =2

Bijection compatible with degree Brs =4

/\> Bz =3

Closed in the (n — 1)-th direction (z2) at d = | D/2]

Lemma: For all [D/2| +1 < d < D, the number of new Grobner basis elements of

degree d is generically By, with [%] =37 Bp_jath.
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Closed in the first direction (1) How the B, , are defined?

Bgz =2

Bijection compatible with degree Brs =4

Bg3 =3
/—\> Bg,g =2

Bioz =1

Closed in the (n — 1)-th direction (z2) at d = | D/2]

Lemma: For all [D/2| +1 < d < D, the number of new Grobner basis elements of

degree d is generically By, with [ﬂ] =37 Bp_jath.

(1—t)n—1
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How do we enumerate the reductors?
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How do we enumerate the reductors?
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How do we enumerate the reductors?

leading monomial of the pair
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How do we enumerate the reductors?

Absorbed by these two pairs
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How do we enumerate the reductors?

Absorbed by these three pairs

Lemma: Forall D — |D/2] —1 > d > 0 and (fi, f2) a critical pair
considered by F4 tracer and deg(LCM(Imy- (f1), Imy (f2))) = m.

If deg(m) = D — d, then generically:

D—2d—-2(n—1)-1<deg, (m)<D-—2d
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How do we enumerate the reductors?

(nfl+d)
monomials of degree 9 !

-xl‘

i.emma: ForallD—|D/2| —1>d > 0and (f1, f2) a critical pair
considered by F4 tracer and deg(LCM(Imy- (f1), Imy (f2))) = m.
If deg(m) = D — d, then generically:
D—2d—-2(n—1)-1<deg, (m)<D-—2d
new leading monomials at degree 9
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How do we enumerate the reductors?

(nfl+d)
° . d
monomials of degree 9 |

(77,724»[)7 d+j)
D—d+j
0<j<2(n—1)+1
D—d+j<d

.+ Useless monomials

i.emma: ForallD—|D/2| —1>d > 0and (f1, f2) a critical pair
considered by F4 tracer and deg(LCM(Imy-(f1), lmy (f2))) = m.
If deg(m) = D — d, then generically:
D—2d—-2(n—1)-1<deg, (m)<D-—2d
new leading monomials at degree 9
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F4 naive F4 naive
F4 tracer ) IOg ( F4 tracer)
80

70

60

fixedw =3 fixed § =10
6 =20 6 =30 w=28 w=25 w=237

Naive complexity bound

o ((1°)
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F5-POT )

F4 tracer

10

fixedw =3
6 =20 6 =30

Complexity of F5-POT

0 (2 (

F5-POT )
F4 tracer

50

40

fixed 6 = 10
w=28 w=25 w=237

[Bardet, Faugére, Salvy 2015]

)T, 0 (4)
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Conclusion & Perspectives
Conclusion:

v We obtained a new bound on the number of reductors in F4 tracer in a
top reduction context.

v We obtained a new complexity bound on F4 tracer in a top reduction
context which gives an exponential gain with regard to the naive
bound.

v The constant w seems to give F& tracer an exponential gain with regard
to F5 when n goes to infinity.

Perspectives:

@ A better understanding of grevlex Grobner bases.

@ Improve the bound on reductors.

@ Work on a full reduction context to decrease the support of the rows.
@ Adapt this work to the F4 algorithm.

@ Localize where these algorithms can possibly be improved.
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